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SOME TRANSCENDENTAL EQUATIONS ON THE 
STIELTJES CONE 

FILIPPO GIRALDI 


Abstract. A general class of transcendental equations in complex do¬ 
main is considered for functions belonging to the Stieltjes cone. Under 
certain conditions each transcendental equation has no solution or one, 
at most, in the complex plane cut along the negative real axis. The 
unique solution is real valued and positive with an analytical bound. 
Particular cases consist in transcendental equations containing expo¬ 
nential, hyperbolic, power law, logarithmic and special functions. The 
present approach provides a simple way to prove that some special func¬ 
tions have no zero in certain sectors of the complex plane cut along the 
negative real axis. 


1. Introduction 

The determination of the solutions of transcendental equations in com¬ 
plex domain is fundamental for the analysis of various types of equations. 
For example, autonomous differential-difference equations exhibit stable so¬ 
lutions if the zeros of the characteristic functions have negative real part pQ . 
In simple or multiple delay differential equations it is required to find the 
zeros of the exponential polynomials [2]. For certain integral equations of 
convoluted form [as! the solutions depends on the singnlarities appearing 
by Laplace transforming [5]. Great interest is also devoted to the study of 
the zeros of entire and special functions with the most various applications, 
from relaxation-oscillation to fractional diffusion phenomena, to name a few 

PEiEiEiiiniiiiiiiaiiaiiiiiE]- 

Here, we analyze a general class of transcendental equations in complex 
domain that are obtained from the Steltjes transforms of nonnegative real 
valned functions [5l[l6l[I7l[l8l[l9l[2ni[2ll[22]. We intend to determine the 
conditions for the existence, uniqueness, reality, positivity of the solution 
and provide analytical bounds. 
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2. The trascendental equation 
The Stieltjes transform mu of a function / on M_|_ is defined as follows, 

5[/lW= (2.1) 

if the above integral exists. The condition 

i) / G and f (C) = O (C”*^) for C, —> +oo, where (i > 0, 

is sufficient for the existence of the Stieltjes transform. If the Stieltjes 
transform of the function / exists in zq G C\ (— oo , 0] it exists and is analytic 
m in the whole complex plane cut along the negative real axis, C\ (—oo , 0]. 
Consider the following class of transcendental equations in C\ (—oo ,0], 

S [(^] {z) — bz — c = 0, (2-2) 

where (p G and (/? > 0 on M"'', 6 > 0, c G M. 


Theorem 2.1. The transcendental equation (2.2) has in C\ (—oo ,0] one 
solution under each of the two following conditions, 


b > 0, m^p > 0, 

6 = 0, rrip >0, c > 0, 
where the critical value nip is defined as follows, 


niu, = 




dC, — c. 


(2.3) 

(2.4) 

(2.5) 


Jo C 

No solution exists, otherwise. The unique solution is real valued and positive, 
z = xq > t), and {nrip/b) > xq > 0 if b > 0. The condition nip = +oo is 
included. 


Proof. Let x and y be respectively the real and imaginary part of the variable 
z, i.e., z = X + iy, where ^ is the imaginary unit. The imaginary part of Eq. 


(2.18) leads to the following equation, 


v[b + 


'o {C + xY + y^ 


dc]=o. 


( 2 . 6 ) 


The solution of Eq. (2.6) is y = 0 since 6 > 0 and </? > 0 on M_|_, in addition 
to the trivial solution of vanishing function p and vanishing parameter 6. 


Consequently, the real part of Eq. (2.18) results in the following equation, 

d( — c = bx, (2-7) 


<^(0 


(C + a:) 
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where x > 0 since Eq. (2.2) is defined in the domain C\ (—oo , 0]. The left 
hand side of Eq. (2.7) is a strictly decreasing monotonic and continuous 
function [T6l[23] on M_|_, tends to for x —)• O'*' and to (—c+) for x —)■ +oo. 
Consequently, if 6 > 0 one solutions exists for > 0. This solution 
is positive and bounded by the value ^{C) /CdC — c) /b. No solution 
exists for rriip <0. If 6 = 0 one solution exists for (p (() /( d( > c > 0, 
while no solution exists for c < 0 and for c > f (C) /C dC- The present 
analysis holds also if ip{() /( dC = +oo. □ 


2.1. Stieltjes representation. Under certain conditions, a complex valued 
function is representable in the complex plane cut along the negative real 
axis as the Stieltjes transform of a nonnegative real valued function up to a 
nonnegative constant. Eollowing Ref. [21], an analytic function g is defined 
to be positive real if no singularity exists for {z} > 0 , if 5 (3^ {z}) is real 
on M and if 3 ^{( 7 ( 2 ;)} > 0 for 3f?{z} > 0. The class PRS is defined as the 
set of functions g such that zg (z^) is positive real |2lj. Every function g 
belonging to the class PRS is representable |24j as a Stieltjes transform of a 
nonnegative real valued function, up to a nonnegative constant, in the whole 
complex plane cut along the negative real axis, C\ (—00 ,0]. 

Further conditions on the Stieltjes representation are reported in Ref. 
[T71 [THl [T5I [201 [2T] . If an analytic function g on C\ (—00 , 0 ] fulfills the 
constraints < 0 for ^{z} > 0 and 5 ((R{z}) > 0 for 3?{z} > 0 

the analytic extension of 5 (( 3 ^{z}) to C\ (—00 ,0], i.e., g{z), is a Stieltjes 
transform of a nonnegative real valued function on M_|_ up to a nonnegative 
constant. This constant vanishes by requiring the following condition. 


lim 

5R{2:}^+00 


5(3?{z}) = 0. 


( 2 . 8 ) 


The Stieltjes transforms of nonnegative functions on M+ represent a convex 
cone dzi Eg [laiioi [m of the analytic functions on C\ (—00 ,0]. 

In light of the Stieltjes representation described above, we focus on func¬ 
tions (j) in (1^^) that are real valued and nonnegative on M+. Let 
be the set of the functions g on C\ (—00 ,0] that are the Stieltjes transforms 
of the nonnegative real valued functions (j), which means g{z) = S [(p] (z). 
The following corollary holds. 
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Corollary 2.2. Consider the operator 71 : <^(C) —>■ 0(oC); where o > 0, 
and the following transcendental equation in C\ (—oo , 0], 

g (az) — bz — c = 0, (2-9) 


where g G Since S [7i [</>]] {z) = g {az), if b > 0 Eq. (2.9) has one 

solution for > 0, where 

^{0 


Pep — Oj 


c 


df — c. 


( 2 . 10 ) 


The solution is real valued, z = and {p^fb) > > 0. 7/6 = 0 Eq. 

has one solution for p^p > c > 0. The solution is real valued and positive. 
No solution exists, otherwise. 

If (p{(()dC < + 00 , consider the operator Ti : </(C) C4‘{C) o.'^d the 

following transcendental equation in C\ (—oo ,0], 

zg{z) + bz — c = t), (2-11) 

where g G . Sinee 

roo 

'S[T 2 [(p]]{z)= fiOdC - zg{z), 


if b > 0 Eq. (2.11) has one solution for c > 0. The solution is real valued, 
z = ^ 2 ; and (c/6) > ^2 > 0. If b = 0 Eq. (2.11) has one solution for 
4>{C)dC > c > 0 . The solution is real valued and positive. No solution 
exists, otherwise. 

Consider the operator T 3 : 4> (C) ^ 4> (C) / iC + 0 ) and the following tran¬ 
scendental equation in C\ (—00 ,0], 

g{z) - g{a) 


z — a 


where g G £ . Sinee 


S [% [</]] {z) = 


+ 6z + c = 0, 


g{z) - g{a) 


a — z 


( 2 . 12 ) 


if b > 0 Eq. (2.12) has one solution for pp, > 0, where 

’ ^iC) 


P(f> — 


'0 C (C + o) 


dC — c. 


(2.13) 


The solution is real valued, z = 1,3, and {P(f>/b) > /s > 0. 7/6 = 0 Eq. (2.12) 
has one solution for ptf, > c > 0. The solution is real valued and positive. 
No solution exists, otherwise. Notiee that for z = a the left hand side of Eq. 


(2.12) is analytically extended to the value g'{a) + 6a + c. 
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Consider the operator Ti : <^ (C) 
dental equation in C\ (—00 , 0], 

g{alz 


(f){a/C) /C and the following transcen- 


— bz — c = 0 , 


(2.14) 


where g G Since S [Ti [</>]] {z) = g {a/z) jz, ifb>0 Eg. (2.1 f) has one 

solution for > 0 , where 

r“</.(a/C) 

0 




d( — c. 


(2.15) 


The solution is real valued, z = ^ 4 , and {v^/b) > ^4 > 0. Ifb = 0 Eg. (2. If) 
has one solution for > c > 0. The solution is real valued and positive. 
No solution exists, otherwise. 

Consider the operator %, '■ 4>{C0 ^ o.'nd the following transcen¬ 

dental equation in C\ (—00 , 0], 

g + g — bz — c = 0, (2-16) 

where g G . Since 

•S [T 5 [(f]] (z) = g + 9 ’ 


if b > 0 Eg. (2.16) has one solution for > 0, where 


94 > = 


C 


df — c. 


(2.17) 


The solution is real valued, z = and {grj,/h) > ^5 > 0. Ifb = 0 Eg. (2.16) 
has one solution for 770 > c > 0. The solution is real valued and positive. 
No solution exists, otherwise. 

Proof. Since (/> > 0 on M+, the functions ((>{aC), C,4>{C,), </>(C)/(C + ®)) 
4 >{a/C) /(, 0 (C^^^) /C are nonnegative on M+. The corresponding Stielt- 
jes transforms [25] provide Eqs. (2.9), (2.11), (2.12), (2.14), (2.16). The 
conditions for the existence, uniqueness, reality and positivity of the solu¬ 
tions are obtained via Theorem 12.11 Notice that in each case the solution 
exists and is positive if the critical value is infinite. □ 

At this stage we are equipped to analyze a further form of transcendental 
equations involving the Stieltjes and the following corollary holds. 

Corollary 2.3. Consider the following equation in C\ (— 00 ,0], 

S [T [ 0 ]] (z) — bz — c = 0 . 


(2.18) 
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The general operator T is defined as follows, 


T={T,,o...oTj,). (2.19) 

The index j I can take the values 0,1,..., 5, for every I = and 


k G No, while To is the identity operator. The transcendental equation (2.18) 
has in C\ (—oo , 0] one solution under each of the two following conditions, 


6 > 0 , rnr[cj,] > 0 , ( 2 . 20 ) 

6 = 0, c > 0, (2-21) 

where 

roc 2 

"iTM = ['/’] (0 df - c. (2.22) 

No solution exists, otherwise. The unique solution is real valued and positive, 
z = kq, and (m 7 -[ 0 ]/ 6 ) > kq > 0 if b > 0. The condition = +00 is 

included. Notice that the operator T 2 requires the involved integral to he 
finite. 


Proof. Due to the definition of the operators To, ■■■,%, the function T [fi] (C) 
is nonegative on M+. Consequently, the proof is obtained by directly apply¬ 
ing Theorem 2.1 to Eq. (2.18). □ 


3. Applications 


We analyze some examples of transcendental equations in C\ (—00 ,0] 
that contain exponential and hyperbolic forms, power laws, logarithms and 
special functions. These equations are obtained via the Stieltjes transforms 
of nonnegative real valued functions reported in Ref. [25l|26l|271|28l[29l[3ni 
ED [Ml Ea [Ml ES] and the same notation is adopted here. The existence, 
uniqueness, reality, nonnegativity and bounds of the solution are studied 
via the theorem and corollaries that are introduced above. For the sake of 
clarity, we remind the constraints on the parameters involved, o, 6 > 0 , and 
c G M. 


3.1. Exponential forms. The transcendental equation 

TT l2-bz-c = 0, |arg z\ < vr, (3.1) 

has one solution under each of the following conditions. 


6 > 0 , vra > c. 





SOME TRANSCENDENTAL EQUATIONS ON THE STIELTJES CONE 


7 


6 = 0 , vra > c > 0 . 

The solution is real valued and positive, z = xi > 0, and (vro — c) /6 > xi > 
0 if 6 > 0. No solution exists, otherwise. As proof 
to (C) = C^^'^^sin^ 

The transcendental equation 


, apply Theorem 2.1 


vrz 


- 1/2 




z — 62 ; — c = 0 , |arg 2 ;| < vr. 


(3.2) 


has one solution if 6 > 0, or if 6 = 0 and c > 0. The solution is real valued 
and positive. No solution exists, otherwise. As proof [SS], apply Theorem 
to (C) = cos^ Notice that the critical value is infinite. 


2.1 


3.2. Hyperbolic forms. The transcendental equation 

- 1/2 (/^/-^ - V^) {2az^/‘^) /2 - 1 _ ^ ^ Q 


TTZ 


(/3 sinh ( 02 ^/ 2 ) — (a cosh (az^/ 2 ))" 

(3X > 0, largzl < vr. 


(3.3) 


has one solution if 6 > 0, or if 6 = 0 and c > 0. The solution is real valued 
anc 

0 

critical value is infinite. 


. positive. No solution exists, otherwise. As proof [25], apply Theorem 
to (p{C) = j (/3sin (oC^/^))^ + (a cos (aC^'^^))^^. Notice that the 


3.3. Power laws. The transcendental equation 

62 : — vrcsc (vro) 2 ““^ + c = 0, 1 > a > 0, |arg 2 |< 7 r, (3.4) 


has one solution if 6 > 0, or if 6 = 0 and c > 0. The solution is real valued 
and positive. No solution exists, otherwise. As proof [5^, apply Theorem 


The transcendental equation 

TT CSC (vra) - bz — c = 0, 1>q;>— 1, larg z\ < vr, (3.5) 

z — a 

has one solution under each of the following conditions, 


6 > 0 , 

1 > a > 0 , 

c < 7ra“ ^ CSC (vra), 

6 > 0 , 

0 > a > - 1 , 


o' 

II 

1 > a > 0 , 

7ra““^ CSC (vra) > c > 0 

0 " 

II 

0 > a > - 1 , 

c> 0 . 


2.1 


to </? (C) = Notice that the critical value is infinite. 
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The solution is real valued and positive, z = X 2 , and (7ra"“^ esc (vro:) — c) jh> 
X 2 > 0 if 6 > 0 and 1 > a > 0. No solution exists, otherwise. The 
left hand side of Eq. (|3.5|) is analytically extended in z = a to the value 


(vraa® ^ esc (ttg) —ba — c). As proof [25], apply Theorem 2.1 to </?(C) = 
C/iC + a). 

The transcendental equation 


a“ ^ sec (7ra/2) z — 2 CSC (vra) 2 :“ + a" CSC (7rQ;/2) 

TT-- bz - c = 0 , 

2 + a2) 

2 > a > —1, largzl < vr, 

has one solution under each of the following conditions, 

b > 0, 2>a>0, c< 7ra““^ esc (7ra/2) /2, 

6 > 0, 0 > a > —1, 

6 = 0 , 2 > a > 0 , 7 ra^~‘^ esc (7rQ;/2) /2 > c > 0 , 

6 = 0 , 0 > a > —1, c > 0 . 

The solution is real valued and positive, z = X 3 , and 

(vra"”^ CSC ['Kajl.) I2 — (^ jb > > Q, 6 > 0, 2 > a > 0. 

No solution exists, otherwise. As proof 
C“/(C" + a2). 


(3.6) 


, apply Theorem 2.1 to ip{Cl = 


3.4. Logarithms. The transcendental equation 

log(a/ 2 ;) , „ I I 

—-^ + 6z + c = 0, |arg2;|<7r, 

[z-a) 

has one solution if 6 > 0, or if 6 = 0 and c > 0. The solntion is real valued 


(3.7) 


and positive. No solution exists, otherwise. The left hand side of Eq. (3.5) 
is analytically extended in 2 ; = a to the value (6a + c — 1/a) . As proof [25] . 
apply Theorem 2.1 to (/9 (C) = 1/ ((" + a). Notice that the critical value is 
infinite. 


The transcendental equation 

log {z/a) — 'Kzj (2a) 


+ 62 + 0 = 0 , |arg2|<7r. 


(3.8) 


(z^ + a^) 

has one solution if 6 > 0, or if 6 = 0 and c > 0. The solution is real valued 
and positive. No solution exists, otherwise. As proof [25], apply Theorem 
to (C) = 1/ (C^ + Notice that the critical value is inhnite. 


2.1 
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The transcendental equation 
2 ; log {z/a) + 7ra/2 


— bz — c = 0, |arg 2 ;| < vr, 


+ a^) 

has one solution under each of the following conditions, 


(3.9) 


6 > 0 , c < vr/ ( 2 a), 

6 = 0 , vr/ ( 2 a) > c > 0 . 

The solution is real valued and positive, ^ = X4, and (vr/ (2a) — c) /6 > X4 > 
0 if 6 > 0. No solution exists, otherwise. As proof [25], apply Theorem 2.1 
to (fiC) = (/ (C^ Ta^). 

The transcendental equation 

27rz“^/^ log — 6 z — c = 0, |argz|< 7 r, (3.10) 

has one solution under each of the following conditions, 

6 > 0 , c < 27ra^^^, 

6 = 0 , 27ra^/^ > c > 0 . 

The solution is real valued and positive, z = X 5 , and (27ra^/^ — c) /6 > X 5 > 
0 if 6 > 0. No solution exists, otherwise. As proof |25|, apply Theorem 2.1 
to ip{C) = C“^/^log(aC + 1 ). 

The transcendental equation 

TT^ + log^ (z/a) 


— 6 z — c = 0, |argz|< 7 r, 


(3.11) 


2 (z + a) 

has one solution if 6 > 0, or if 6 = 0 and c > 0. The solution is real valued 
and positive. No solution exists, otherwise. As proof [22|, apply Theorem 


2.1 to (f (C) = log (C/fl) / (C “ fl) for C 7 ^ a and (p {a) = 1 /a. Notice that the 


critical value is inhnite. 

The transcendental equation 

a“ log (a/z) /tt + esc (tto) z“ — a“ cot (vra) 


TT ■ 


a + z 

|argz| < TT, 


— 6 z — c = 0 , 


(3.12) 


1 > a > 0, 

has one solution if 6 > 0, or if 6 = 0 and c > 0. The solution is real valued 


and positive. As proof [22], apply Theorem 2.1 to <p (C) = (C“ “ «“) / (C “ a) 
for C 7 ^ a and (p{a) = aa““^. Notice that the critical value is infinite. 
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The transcendental equation 


vr 


z + a 


CSC { tto ) 


TT cot (vra) (z“ — a“) — 2 “ log {z/a) 


z — a 


+ 


vra 


Q —1 


4cos^ (7ra/2) 

—bz — c = 0, l>a> —1, largzl < vr, 
has one solution under each of the following conditions, 

6>0, 1>q;>0, c< csc^ (7rQ;/2) /4, 

6 > 0, 0 > a > —1, 

6 = 0, 1 > a > 0, csc^ (7ra/2) /4 > c > 0, 

6 = 0, 0 > a > —1, c > 0. 

The solution is real valued and positive, z = xq, and 

(7r^a““^ csc^ (7ra/2) /4 — c) /6 > xg > 0, 6 > 0, 1 > a > 0. 


(3.13) 


No solution exists, otherwise. The left hand side of Eq. (3.11) is analytically 
extended in 2 ; = a to the value 
,0-2 / 


Tra 


CSC (vra) (vra cot (vra) — 1) + 


TT 


4cos2 {'Ka/2) 


— ba — c. 


As proof [25], apply Theorem 2.1 to (p {() = log (C/«) / (C^ “ for C / a 
and (p{a) = a"“^/2. Notice that the critical value is inhnite for 0 > a > —1. 


3.5. Special functions. We consider transcendental equations involving 
various types of special functions. In some cases the analysis of the solution 
provides additional information about the zeros of these functions. 


3.5.1. Incomplete Gamma function. The transcendental equation 

r (1 — a) (a, az) — bz — c = 0, a < 1, |arg z\ < tt, (3.14) 

in terms of the incomplete Gamma function |25] . has one solution under 
each of the following conditions, 

6 > 0, 1 > a > 0, 

6 > 0 , a < 0 , c < a"r (—a), 

6 = 0, 1 > a > 0, c > 0, 

6 = 0 , a< 0 , 0 < c < o“r (—a). 
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The solution is real valued and positive, z = X 7 , and 

(a“r (—a) — c) /b > X 7 > 0 , b > 0 , a < 0. 


No solution exists, otherwise. The nonexistence of any solution for 6 = c = 0 
suggests that the function T (a, z) has no zero for a < 1 , |argz| < tt and 
z 7 ^ 0 . As proof [25], apply Theorem 2.1 to </?(C) = C~“exp{—aC}. Notice 


that the critical value is infinite for 0 < a < 1 . 

The transcendental equation 

T {1 — a) {a,a/z) — bz — c = 0, a < 1, |arg 2 ;|< 7 r, (3.15) 

in terms of the incomplete Gamma function [25] . has one solution under 
each of the following conditions. 


6 > 0 , 
6 = 0 , 


c < a" ^T (1 — a) 


0 < c < a" ^T (1 — a), 


The solution is real valued and positive, z = xs, and 

(a"“^r (1 — a) — c) /6 > X 8 > 0 , 6 > 0 . 

to ifiC) = 

exp {-a/C}. 

The transcendental equation 


No solution exists, otherwise. As proof |25|, apply Theorem 2.1 


T { 2 a + 1 ) (- 2 a, 

X T (—2a, —zaz^^'^'^ j — 62 ; — c = 0, a > —1, |argz| < vr, (3.16) 


in terms of the incomplete Gamma function [25], has one solution under 
each of the following conditions. 


6 > 0, a > 0, c < 2a“2“r (2a), 

6 > 0, 0 > a > —1, 

6 = 0, a>0, 0 < c < 2a“2“r (2a), 

6 = 0, 0 > a > —1, c > 0. 

The solution is real valued and positive, z = xg, and 

(2a“^“r (2a) — c) /6 > xg > 0, 6 > 0, a > 0. 
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No solution exists, otherwise. As proof [25j, apply Theorem 2.1 to (C) = 
C“exp Notice that the critical value is infinite for 0 > a > — 1. 

3.5.2. Logaritmic derivative of the Gamma functions. The transcendental 
equation 

+bz + c = 0, |arg2;|<7r, (3.17) 

in terms of the logarithmic derivative of the Gamma function [25], f^{z) = 
(log (r( 2 :)))\ has one solution if 6 > 0, or if 6 = 0 and c > 0. The solution is 
real valued and positive. No solution exists, otherwise. As proof [25], apply 
to (f (C) = l/ (exp — l). Notice that the critical value 


Theorem 


2.1 


is infinite. 

The transcendental equation 

(zVV2 + 1 / 2 ) - lA (^'/V2) - -bz-c = 0, |arg z\ < TT, (3.18) 

in terms of the logarithmic derivative of the Gamma function [25], has one 
solution if 6 > 0, or if 5 = 0 and c > 0. The solution is real valued and 
positive. No solution exists, otherwise. As proof [25], apply Theorem 2.1 to 
ip{(^) = 1 /sinh (tt^^/^). Notice that the critical value is infinite. 

The transcendental equation 



— bz — c = 0, |argz| < tt, (3.19) 


.-1/2 


in terms of the logarithmic derivative of the Gamma function [25], has one 
solution if 6 > 0, or if 6 = 0 and c > 0. The solution is real valued and 
positive. No solution exists, otherwise. As proof [25], apply Theorem 2.1 


to 


(fiC) = 1 / cosh ( 711 ^ 1 / 2 ) Notice that the critical value is infinite. 


3.5.3. Gauss hypergeometric series. The transcendental equation 

2 T 1 (/3 - 1, a; /3; 1 - 2 ;/a) - - c = 0, 

/? > a > 0, |argz| < vr. 


(3.20) 


in terms of the Gauss hypergeometric series [25], has one solution under 
each of the following conditions, 

6>0, /?>«>!, c<a“"^r(a-l)r(/3-a)/r(/3-l), 

6 > 0, 1 > a > 0, 
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6 = 0, /?>«>!, a""^r(a-l)r(/3-a)/r(/3-1) > c> 0, 

6 = 0 , 1 > a > 0 , c > 0 . 


The solution is real valued and positive, z = xio, and 


-^r (a - 1) r (/3 - a) /r (/3 - 1) - c 


> xio >0, 6 > 0, (3 > a > 1. 


No solution exists, otherwise. The nonexistence of any solution for 6 = 
c = 0 suggests that the function 2 F 1 iP — l,a;/3; 1 — z/a) has no zero for 
P > a > 0, |argz| < n and z / 0. As proof [25], apply Theorem 2.1 


to </^(C) = (C + Notice that the critical value is infinite for 

1 > a > 0. 


3.5.4. Incomplete Beta function. The function iP,Oi) is dehned in terms 
of the incomplete Beta function {P,Oi) as follows [25] . 

Iz (P, a) = Bz {P, a) /Bi (/?, a). The transcendental equation 

vr CSC (vra) 2 “" (a — z)~^ h-z/a iP^ a) — bz — c = 0, (3-21) 

1 > a > —P, |argz| < tt, 

has one solution under each of the following conditions, 

6>0, 0>a>-/3, c<a-^-f^T{-a)T{a + P)/T{P), 

6 > 0, 1 > a > 0, 

6 = 0, 0>a> -P, (-a) T (a + / 3 ) /T (P) > c> 0, 

6 = 0, 1 > a > 0, c > 0. 


The solution is real valued and positive, 2 = xn, and 
(a-"-^r(-a)r(a + ,d)/r(/3)-c)/& > xii > 0 , 6 > 0 , 0 > a >-^ 0 . 


No solution exists, otherwise. The nonexistence of any solution for 6 = c = 0 
suggests that the function Ix^zja iP^ op has no zero for 1 > a > —P, |argz| < 
-n, z a, 0. As proof [25], apply Theorem 2.1 to (C) = C~“/ (C + o)^. 


Notice that the critical value is infinite for 1 > a < 0. 


3.5.5. Exponential integral. The transcendental equation 

e“^Ei (—az) + 62 ; + c = 0, a > 0, |argz|< 7 r, (3.22) 

in terms of the exponential integral function [25] . has one solution if 6 > 0, 
or if 6 = 0 and c > 0. The solution is real valued and positive. No solution 
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exists, otherwise. The nonexistence of any solution for b = c = 0 suggests 
that the exponential integral Ei(—z) has no zero for |argz| < tt and z ^ 0. 
As proof [25], apply Theorem |2.1| to (p{C) = exp{—Notice that the 
critical value is infinite. 

The transcendental equation 


(Ei {—az — ad) — Ei (—az)) — bz — c = 0, (3.23) 

a > 0, d> 0, |argz| < vr. 


in terms of the exponential integral function |25j . has one solution if 6 > 0, 
or if 6 = 0 and c > 0. The solution is real valued and positive. No solution 


exists, otherwise. As proof [25], apply Theorem 2.1 to ip{C) = exp{— q;(^} 
for 0 < C < c? and (C) = 0 for ^ > rf- Notice that the critical value is 
infinite. 

The transcendental equation 


e“^Ei {—az — ad) + bz + c = 0, (3.24) 

a > 0, d > 0, |argz| < vr, 

in terms of the exponential integral function |25|, has one solution under 
each of the following conditions. 


6 > 0, c < —Ei {—ad ), 

5 = 0, 0 < c < —Ei {—ad ), 


The solution is real valued and positive, z = xi 2 , and 


(—Ei {—ad) — c) /b > xi 2 >0, 5 > 0. 


No solution exists, otherwise. As proof |25|, apply Theorem 2.1 to y? (C) = 0 
for 0 < C < c? and (p {() = exp {—for ^ > d. 

The transcendental equation 


(_l)n+iznga.Ei {-az) + ^(-l)”-^'(j - 1)! - 5z - c = 0, (3.25) 

a > 0, n G No, |argz| < vr. 


in terms of the exponential integral function |25|, has one solution under 
each of the following conditions. 


5 > 0, c < (n — 1)! a 
5 = 0, 0 < c < (n — 1)! 
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The solution is real valued and positive, z = X 13 , and 

((n — 1)! — c) /5 > xi 3 >0, b > 0. 


No solution exists, otherwise. As proof [25j, apply Theorem 2.1 to ip (C) = 
C” exp {—aC}. 

The transcendental equation 

(log (ayz) — e“^Ei (—az))/z — 62 ; — c = 0, a > 0, |arg 2 ;|< 7 r, (3.26) 

in terms of the exponential integral function and the Euler-Mascheroni con¬ 
stant 7 = expIC} [25], has one solution if 5 > 0, or if 6 = 0 and c > 0. 
The solution is real valued and positive. No solution exists, otherwise. As 
proof [23], apply Theorem 2.1 to ip{C) = (1 — exp{—a^}) /(. Notice that 


the critical value is infinite. 

3.5.6. Error function. The transcendental equation 

TTZ-^/^e’^^Eifc - bz-c = 0, |argz| < vr, (3.27) 

in terms of the error function |25|, has one solution if 6 > 0, or if 5 = 0 
and c > 0. The solution is real valued and positive. No solution exists, 
otherwise. The nonexistence of any solution for b = c = 0 suggests that the 
error function Erfc( 2 ;) has no zero for |arg 2 ;| < tt/2 and z ^ 0. As proof 

to ip (C) = exp{—aC}. Notice that the critical 


2.1 


I , apply Theorem 
value is infinite. 

The transcendental equation 

TTz^/^e^^^Erfc + bz + c - (vr/o)^/^ = 0, |arg z\ < vr, (3.28) 

in terms of the error function |25|, has one solution under each of the fol¬ 
lowing conditions, 

6 > 0, c < (tt/o)^'^^ , 

6 = 0, 0 < c < (vr/a)^^^ . 

The solution is real valued and positive, z = 2 : 14 , and 

^(vr/a)^^^ — > xu > 0. 


No solution exists, otherwise. As proof |23|, apply Theorem 2.1 to ip{C) = 
exp {—aC}. 
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3.5.7. Cosine and sine integrals. The transcendental equation 
2 cos ci — 2 sin si 

— 62 ; — c = 0, |arg 2 ;|< 7 r, (3.29) 

in terms of the cosine and sine integral functions [25], has one solution if 
6 > 0, or if 6 = 0 and c > 0. The solution is real valued and positive. 
No solution exists, otherwise. As proof |2S|, apply Theorem 2.1 to ip (C) = 
exp Notice that the critical value is infinite. 

The transcendental equation 


2 z-sin (^az^/^) ci + cos [az^/^) si [az^^^ 

+bz + c = 0, |arg2;|<7r. 


(3.30) 


in terms of the cosine and sine integral functions |25] . has one solution if 
6 > 0, or if 6 = 0 and c > 0. The solution is real valued and positive. 
No solution exists, otherwise. As proof 

(-1/2, 


, apply Theorem 2.1 to (p{C) = 


'exp {—aC Notice that the critical value is infinite. 

3.5.8. Whittaker function. The transcendental equation 

^("^/^)/^“ie^/^W^-(a+/ 3 )/ 2 .(/ 5 -«)/ 2 (^) -bz-c = 0, \aTgz\ < vr, (3.31) 
in terms of the Whittaker function |^, where 

a > -1/2, 1/2 > /3 > -1/2, or /? > -1/2, 1/2 > a > -1/2, (3.32) 

has one solution if 6 > 0, or if 6 = 0 and c > 0. The solution is real valued and 
positive. No solution exists, otherwise. The nonexistence of any solution for 


6 = c = 0 suggests that under the condition (3.32) the Whittaker function 
W_(^ci+p)/ 2 ,{p-a)/ 2 {^) has no zero for |arg 2 ;| < vr and 2 ; 7 ^ 0. As proof [2711^ . 
apply Theorem |2.1| to 

^(„+/3)/2-lg-C/2 

^ ~ T (a + 1/2) T (,0 + 1/2) ^(«+/ 3 )/ 2 .(«-/ 3)/2 (C) • 

The above function is positive on M+ nnder the condition ( |3.32 ). The as¬ 
ymptotic behaviours shown by the Whittaker function under the condition 
(3.32) induce the critical value to be infinite mm, 

^00.(3.33) 

Jo C r(a + l/2)r(/3 + l/ 2 ) ^ ^ 
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3.5.9. Bessel functions. The transcendental equation 


TT , azT (a — 1/2) 

-Ja (az) (az) + ^ 3 / 2 ) 


2 ...2 


+ 


vr ( 02 )^“ tan (vra) 
22a+ir2 (q, + 1) 

+bz + c = 0 , a G 


1 


3 3 3 

2 -^3 { 


2^2 


1T2 1 ® + 2’^ ^ 
|arg2;| < vr, 


(3.34) 


in terms of the Bessel functions and the generalized hypergeometric functions 
1251E], has one solution under each of the following conditions, 


6 > 0 , 

a > 0 , 

c < 1 / ( 2 a), 

6 > 0 , 

a < 0 , 


6 = 0 , 

a > 0 , 

1 / ( 2 a) > c > 0 

6 = 0 , 

a < 0 , 

c > 0 . 


The solution is real valued and positive, 2 = X 15 , and 

(1/ (2q:) — c) /b > xi5 >0, 6 > 0, a > 0. 


No solution exists, otherwise. As proof [28], apply Theorem 2.1 to (f) = 

JliO- 

The transcendental equation 

{27rz)~^^‘^ e^Kp{z) — bz — c = 0, 1/2 >/3 > —1/2, |arg 2 ;|< 7 r, (3.35) 

in terms of the modified Bessel function jSSlEI, has one solution if 6 > 0 , or if 
6 = 0 and c > 0. The solution is real valued and positive. No solution exists, 
otherwise. The nonexistence of any solution for 6 = c = 0 suggests that the 
function Ka (z), has no zero for |argz| < vr, z / 0 and 1/2 > j3 > —1/2. As 
proof |27[ [26] , relate the modified Bessel function to the Whittaker function. 


^0,/3(2) = (-2^/2)) and consider Eq. (3.31). 


3.5.10. Lambert W function. The Lambert W function is defined via the 
inverse of the map W —>■ IT exp {W}. The function is multivalued, has 
branches and several integral representations. We refer to |29l (30] [311 [32] 
for details. The transcendental equation 

IT (z)/z — 6 z — c = 0, |argz|< 7 r, (3.36) 
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has one solution under each of the following conditions, 


b> 0, 
b = 0, 


c < 


n/e 


' {W{—t)} / (vrt^) dt < e, 


0 < c < 


’l/e 


dt < e. 


The solution is real valued and positive, z = xie, and 


(e — c) /b> 




^6 > xi6 > 0. 


No solution exists, otherwise. Since no solution exists for 6 = c = 0, we 
recover that the Lambert W function has no zero for |arg 2 ;| < tt and 
z / 0. As proof m, consider the following relationship holding for |arg 2 ;| < 


TT, 


W{z) 

z 


roo a{lT(-t)}/(7rt) ^^ 
Jl/e t + Z 


(3.37) 


the inequality 1 > O'{VL(—t)} /tt > 0, holding for t > l/e, and apply 
Theorem O 

The transcendental equation 


W' [z) — bz — c = 0, |arg 2 ;| < tt, 


(3.38) 


has one solution under each of the following conditions, 

/■“Id 

6>0, c< ——Q{W{-t)}dt, 

Jl/e 

/■“Id 

6 = 0, 0<c< / — —^{W{—t)}dt. 

Jl/e dt 

The solution is real valued and positive. No solution exists, otherwise. The 
nonexistence of any solution for 6 = c = 0 suggests that the derivative of the 
Lambert W function, W' (z), has no zero for |arg 2 ;| < vr and z 0. This 
property is expected since the following relationship [29] holds, W' (z) = 
W (z) / (z {W (z) + 1)). As proof [SUES], consider the following relationship 
holding for |argz| < tt. 



1 d 
7 r{t + z) dt 


9 {W (—/)} dt, 


and apply Theorem 2.1 


(3.39) 
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3.5.11. Binet function. The Binet function J{z) is defined as follows, 

J {z) = log {T{z)) - (z- 1/2) log (z) + z- log . (3.40) 

The function is multivalued, has branches and is bounded in certain sectors 
of the complex plane. We refer to [33] for details. The transcendental 
equation 

J j - c = 0, |argz| < vr, (3.41) 


in terms of the Binet function, has one solution if 6 > 0, or if 6 = 0 and c > 0. 
The solution is real valued and positive. No solution exists, otherwise. The 
nonexistence of any solution for 6 = c = 0 suggests that the Binet function 
J (z) has no zero for |argz| < 7r/2 and z / 0. As proof [MIES]) consider the 
following relationship. 


J(^1/2) 


1 


, 1/2 


log 


/o 27ryV2 (y-j- z) \1 - 


1 


dy, 


and apply Theorem 2.1 Notice that the critical value is infinite. 

Starting from the above examples, the adoption of the operator 7~, given 


by Eq. (2.19), obviously provides infinitely many transcendental equations. 


These equations can be ascribed to the form (2.18). Consequently, the 
conditions for existence, uniqueness, reality, positivity and bounds for the 
solution can be analyzed by evaluating the corresponding critical value. As 
the above examples show, for special functions that are the Stieltjes trans¬ 
forms of nonnegative functions, the present method provides a simple way 
to investigate the absence of zeros in certain sectors of the complex plane. 
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